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(1) German Social Democracy (v. 7 of “Studies in Economics and Political
Science”.) Longman, Green & Co., 1896. p. 204.
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(2) An Essay on the Foundations of Geometry. Cambridge, at the Uni-
versity Press, 1897. p. 201.

(3) A Critical Exposition of the Philosophy of Leibniz. Cambridge, at the
University Press. XVI, p. 311 (Second edition: George Allen & Unwin, 1937).

(4) The Principles of Mathematics. Cambridge, at the University Press,
1903. IX, p. 534.

(Second edition (with a new introduction), 1938; George Allen and

Unwin.)
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(5) Principia Mathematica v. I, with Alfred North Whitehead. Cambridge,
at the University Press, 1910. X VI, p. 674 (Second edition, 1935).
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(7) Principia Mathematica, v. II, with Alfred North Whitehead. Cam-
bridge, at the University Press, 1912, XXXI, p. 742 (Second edition, 1927).
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MATHEMATICS AND MATHEMATICAL PHILOSOPHY

Mathematics is a study which, when we start from the most fa-
miliar portions, may be pursued in either of two opposite direc-
tions. The more familiar direction is constructive; towards grad-
ually increasing complexity: from integers to fractions, real num-
bers, complex numbers; from addition and multiplication to dif-
ferentiation and integration, and on to higher mathematics. The
other direction, which is less familiar, proceeds, by analysing, to
greater and greater abstractness and logical simplicity; instead of
asking what can be defined and deduced from what is assumed to
begin with, we ask instead what more general ideas and principles
can be found, in terms of which what was our starting-point can
be defined or deduced. It is the fact of pursuing this opposite di-
rection that characterises Mathematical philosophy as opposed to
ordinary mathematics. But it should be understood that the dis-
tinction is one, not in the subject matter, but in the state of mind
of the investigator. Early Greek geometers, passing from the em-
pirical rules of Egyptian land—surveying to the general propo-
sitions by which those rules were found to be justifiable, and
thence to Euclid’s axioms and postulates, were engaged in math-
ematical philosophy, according to the above definition; but when
once the axioms and postulates have been reached, their deduc-
tive employment, as we find it in Euclid, belonged to mathematics
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in the ordinary sense. The distinction between mathematics and
mathematical philosophy is one which depends upon the inter-
est inspiring the research, and upon the stage which the research
has reached; not upon propositions with which the research is

concerned.

Introduction to Mathematical Philosophy. pp. 1-2
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DEFINITION OF MUMBER

We can suppose all conples in one bundle, all trios in another, and
so on. In this way we obtain various bundles of collections, each
bundle consisting of all the collections that have a certain number
of terms. Each bundle is a class whose members are collections,
i.e. classes; thus each is a class of classes. The bundle consisting of
all couples, for example, is a class of classes: each couple is a class
with two members, and the whole bundle of couples is a class with
an infinite number of members, each of which is a class of two
members.

How shall we decide whether two collections are to belong
to the same bundle? The answer that suggests itself is: “Find out
how many members each has, and put them in the same bundle
if they have the same number of members.” But this presupposes
that we have defined numbers, and that we know how to discover
how many terms a collection has. We are so used to the opera-
tion of counting that such a presup-position might easily pass
unnoticed. In fact, however, counting, though familiar, is logically
avery complex operation; moreover it is only available, as a means
of discovering how many terms a collection has, when the col-
lection is finite. Our definition of number must not assume in
advance that all numbers are finite; and we cannot in any case,

without a vicious circle, use counting to define numbers, because
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numbers are used in counting. We need, therefore, some other
method of deciding when two collections have the same number
of terms.
The notion of similarity is logically presupposed in the oper-
ation of counting, and is logically simpler though less familiar ...
We may thus use the notion of “similarity” to decide when

two collections are to belong to the same bundle.

Introduction to Mathematical Philosophy, pp. 14—-17
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LOGIC AND MATHEMATICS

(1) Pure Mathematics is the class of all propositions of the form
“p implies q” where p and q are propositions containing one or
more variables, the same in the two propositions, and neither p
nor g contains any constants except logical constants. And logical
constants are all notions definable in terms of the following: Im-
plication, the relation of a term to a class of which it is a member,
the notion of ‘such that’, the notion of relation, and such further
notions as may be involved in the general notion of propositions

of the above form. In addition to these mathematics uses a notion
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which is not a constituent of the propositions which it considers,

namely the notion of truth.

The Principles of Mathematics, p. 3

(2) The connection of mathematics with logic is exceedingly close.
The fact that all mathematical constants are logical constants, and
that all the premisses of mathematics are concerned with these,
gives, I believe, the precise statement of what philosophers have
meant in asserting that mathematics is a priori. The fact is that,
when once the apparatus of logic has been accepted, all mathe-
matics necessarily follows. The logical constants themselves are
to be defined only by enumeration, for they are so fundamental
that all the properties by which the class of them might be defined
presuppose some terms of the class. But practically, the method
of discovering the logical constants is the analysis of symbolic
logic. The distinction of mathematics from logic is very arbitrary,
but if a distinction is desired, it may be made as follows. Logic
consists of the premisses of mathematics, together with all other
propositions which are concerned exclusively with logica con-
stants and with variables but do not fulfil the above definition ljo
mathematics (I). Mathematics consists of all the consequences of
the above premisses which assert formal implications containing
variables, together with such of the premisses themselves as have
these marks. Thus some of the premisses of mathematics, e.g. the
principle of the syllogism, “if p implies q and q implies r, then p
implies r”, will belong to mathematics, while others, such as “im-

plication is a relation”, will belong to logic but not to mathematics.
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But for the desire to adhere to usage, we might identify mathe-
matics and logic, and define either as the class of propositions
containing only variables and logical constants; but respect for
tradition leads me rather to adhere to the above distinction, while

recognizing that certain propositions belong to both sciences.

The Principles of Mathematics, pp. 8-9
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KNOWLEDGE BY ACQUAINTANCE AND KNOWLEDGE
BY DESCRIPTION

We shall say that we have acquaintance with anything of which
we are directly aware, without the intermediary of any process of
inference or any knowledge of truths. Thus in the presence of my
table I am acquainted with the sense—data that makes up the ap-
pearance of my table—its colour, shape, hardness, smoothness,
etc.; all these are things of which I am immediately conscious
when I am seeing and touching my table. The particular shade
of colour that I am seeing may have many things said about it—I
may say that it is brown, that it is rather dark, and so on. But such
statements, though they make me know truths about the colour,
do not make me know the colour itself any better than I did be-
fore: so far as concerns knowledge of the colour itself, as opposed
to knowledge of truths about it I know the colour perfectly and
completely when I see it, and no farther knowledge of it itself is

even theoretically possible. Thus the sense-data which make up
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the appearance of my table are things with which I have acquain-
tance, things immediately known to me just as they are.

My knowledge of the table as a physical object, on the con-
trary, is not direct knowledge. Such as it is, it is obtained through
acquaintance with the sense-data that make up the appearance
of the table. We have seen that it is possible, without absurdity,
to doubt whether there is a table at all, whereas it is not possible
to doubt the sense-data. My knowledge of the table is of the kind
which we shall call “knowledge by description”. The table is “the
physical object which causes such-and-such sense-data.” This
describes the table by means of the sense-data. In order to know
anything at all about the table, we must know truths connecting
it with things with which we have acquaintance: we must know
that “such-and-such sense-data are caused by a physical object”.
There is no state of mind in which we are directly aware of the ta-
ble; all our knowledge of the table is really knowledge of truths,
and the actual thing which is the table is not, strictly speaking,
known to us at all. We know a description, and we know that there
is just one object to which this description applies, though the ob-
ject itself is not directly known to us. In such a case, we say that

our knowledge of the object is knowledge by description.

The Problems of Philosophy, pp. 73-75
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THE UNIVERSE AND ITS PARTS

The traditional view would make the universe itself the subject of
various predicates which would not be applied to any particular
thing in the universe, and the ascription of such peculiar pred-
icates to the universe would be the special business of philoso-
phy. I maintain, on the contrary, that there are no propositions
of which the ‘universe’ is the subject; in other words, that there
is no such thing as the ‘universe’ what I do maintain is that there
are general propositions which may be asserted of each individ-
ual thing, such as the propositions of logic. This does not involve
that all the things there are form a whole which could be regarded
as another thing and be made the subject of predicates. It in-
volves only the assertion that there are properties belonging to

the whole of things collectively. The philosophy which I wish to
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advocate may be called logical atomism or absolute pluralism, be-
cause, while maintaining that there are many things, it denies that

there is a whole composed of those things.

On Scientific method in Philosophy

Mysticism and Logic, p. 107 Pelican edition
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MINIMUM VOCABULARY

Everything said in a science can be said by means of the words
in a minimum vocabulary. For whenever a word occurs which has
anominal definition, we can substitute the defining phrase; if this
contains words with a nominal definition, we can again substitute
the defining phrase, and so on, until none of the remaining words
have nominal definitions. In fact, definable terms are superflu-
ous, and only undefined terms are indispensable. But the ques-
tion which terms are to be undefined is in part arbitrary. Take, for
example, the calculus of propositions, which is the simplest and
most completed example of a formal system. We can take “or”
and “not” as undefined, or “and” and “not”; instead of two such
undefined terms, we can take one, which may be “not this or not
that” or “not this and not that”, Thus in general we cannot say
that such-and-such a word must belong to the minimum vocab-
ulary of such-and-such a science, but at most that there are one

or more minimum vocabularies to which it belongs.
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Let us take geography as an example. I shall assume the vo-
cabulary of geometry already established; then our first distinc-
tively geographical need is a method of assigning latitude and lon-
gitude. For this it will suffice to have a part of our minimum vo-
cabulary “Greenwich”, “the North Pole”, and “West of”; but clearly
any other place would do as well as Greenwish, and the South Pole
would do as well as the North Pole. The relation “West of” is not
really necessary, for a parallel of latitude is a circle on the earth’s
surface in a plane perpendicular to the diameter passing through
the North Pole. The remainder of the words used in physical ge-
ography, such as “land” and “Water”, “mountain” and “plain”, can
now be defined in terms of chemistry, physics, or geometry. Thus
it would seem that it is the two words “Greenwich” and “North
Pole” that are needed in order to make geography a science con-
cerning the surface of the earth, and not some other spheroid. It
is owing to the presence of these two words (or two others serving
the same purpose) that geography is able to relate the discoveries
of travellers. It is to be observed that these two words are involved

wherever latitude and longitude are mentioned.

Human Knowledge; pp. 259-260
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THE NEUTRAL ORIGIN OF MIND AND MATTER

Physics treats as a unit the whole system of appearances of a piece
of matter, whereas psychology is interested in certain of these
appearances themselves. Confining ourselves for the moment to
the psychology of perceptions, we observe that perceptions are
certain of the appearances of physical objects. (From our point
of view) we might define them as the appearances of objects at
places from which senseorgans and the suitable parts of the ner-
vous system form part of the intervening medium. Just as a pho-
tographic plate receives a different impression of a cluster of stars
when a telescope is part of the intervening medium so a brain re-

ceives a different impression when an eye and an optic nerve are
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part of the intervening medium. An impression due to this sort
of intervening medium is called a perception, and is interesting
to psychology on its own account, not merely as one of the set of
correlated particulars which is the physical object of which we are
having a perception.

There are two ways of classifying particulars. One way col-
lects together the appearances commonly regarded as a given ob-
ject from different places; this is, broadly speaking, the way of
physics, leading to the construction of physical objects as sets
of such appearances. The other way collects together the appear-
ances of different objects from a given place, the result being what
we call a perspective. In the particular case where the place con-
cerned is a human brain, the perspective belonging to the place
consists of all the perceptions of a certain man at a given time.
Thus classification by perspectives is relevant to psychology, and

is essential in defining what we mean by one mind.

The Analysis of Mind, pp. 104-105
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TIME

It seems that the one all-embracing time is a construction, like
the one all-embracing space. Physics itself has become conscious
of this fact through the discussions connected with retativity.

Between two perspectives which both belong to one person’s
experience, there will be a direct time-relation of before and after.
This suggests a way of dividing history in the same sort of way
as it is divided by different experiences, but without introduc-
ing experience or anything mental: we may define a ‘biography’
as everything that is (directly) earlier or later than, or simultane-
ous with, a given ‘sensible’, This will give a series of perspectives,
which might all form parts of one person’s experience, though it
is not necessary that all or any of them should actually do so. By
this means, the history of the world is divided into a number of
mutually exclusive biographies.

We have now to correlate the times in the different biogra-
phies. The natural thing world be to say that the appearances of
a given (momentary) thing in two different perspectives belonging
to different biographies are to be taken as simultaneous; but this
is not convenient. Suppose A shouts to B, and B replies as soon as
he hears A’s shout. Then between A’s hearing of his own shout and
his hearing of B’s there is an interval; thus if we made A’s and B’s
hearing of the same shout exactly simultaneous with a given event
but not with each other. To obviate this, we assume a ‘velocity of
sound’. That is, we assume that the time when B hears A’s shout
is half-way between the time when A hears his own shout and the
time when he hears B’s. In this way the correlation is effected.

What has been said about sound applies of course equally to

light. The general principle is that the appearances, in different
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perspectives, which are to be grouped together as constituting
what a certain thing is at a certain moment, are not to be all re-
garded as being at that moment. On the contrary they spread out-
ward from the thing with various velocities according to the na-
ture of the appearances. Since no direct means exist of correlating
the time in one biography with the time in another, this temporal
grouping of the appearances belonging to a given thing at a given
moment is in part conventional. Its motive is partly to secure the
verification of such maxims as that events which are exactly si-
multaneous with the same event are exactly simultaneous with
one another, partly to secure convenience in the formulation of

causal laws.

The Relation of Sense-Data to Physics.
Mysticism and Logic, pp. 159-160.

(Pelican edition)
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ANALYSIS OF THINGS INTO EVENTS

My meaning in regard to the impermanence of physical entities
may perhaps be made clearer by the use of Bergson’s favorite il-
lustration of the cinematograph. When I first read Bergson’s state-
ment that the mathematician conceives the world after the anal-
ogy of a cinematograph, I had never seen a cinematograph, and my
first visit to one was determined by the desire to verify Bergson’s
statement, which I found to be completely true, at least so far as

I am concerned. When, in a picture palace, we see a man falling
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down hill. Or running away from the police, or falling into a river,
or doing any of those other things to which men in such places are
addicted, we know that there is not really only one man moving,
but a succession of photographs, each with a different momentary
man. The illusion of persistence arises only touhrgh the approach
to continuity in the series of momentary men. Now what I wish to
suggest is that in this respect the cinema is a better metaphysi-
cian than common sense, physics, or philosophy. The real man
too, however the police may swear to his identity, is really a series
of momentary men, each different one from the other, and bound
together, not by a numerical identity, but by continuity and cer-
tain intrinsic causal laws. And what applies to men applies equally
to tables and chairs, the sun. moon, and stars. Each of these is to
be regarded, not as one single persistent entity, but as a series of
entities succeeding each other in time, each lasting for a very brief
period, though probably not for a mere mathematical instant. In
saying this I am only urging the same kind of division in time as
we are accustomed to acknowledge in the case of space. A body
which fills a cubic foot will be admitted to consist of many smaller
bodies, each occupying only a very tiny volume; similarly a thing
which persists for an hour is to be regarded as composed of many
things of less duration. A true theory of matter requires a division

of things into time-corpuscles as well as into space-corpuscles.

The Ultimate Constituents of Matter,
Mysticism and Logic, pp. 123-124

(Pelican)
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INDIVIDUAL VERSUS CITIZEN

(1) Assuming that education should do something to afford
a training and not merely to prevent impediments to growth, the
question arises whether education should train good individuals
or good citizens. It may be said, and it would be said by any person
of Hegelian tendencies, that there can be no antithesis between
the good citizen and the good individual. The good individual is
he who ministers to the good of the whole, and the good of the
whole is a pattern made up of the goods of individuals. As an ulti-
mate metaphysical truth I am not prepared either to combat or to
support this thesis, but in practical daily life the education which
results from regarding a child as an individual is very different
from that which results from regarding him as a future citizen.
The cultivation of the individual mind is not, on the face of it,
the same thing as the production of a useful citizen. Goethe, for
example, was a less useful citizen than James Watt, but as an in-
dividual must be reckoned superior. There is such a thing as the
good of the individual as distinct from a little fraction of the good

of the community.
Education and the Social Order, pp. 9-10
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(2) Citizens as conceived by governments are persons who admire
the status quo and are prepared to exert themselves for its preser—
vation. Oddly enough, while all governments aim at producing
men of this type to the exclusion of all other types, their heroes
in the past are of exactly the sort that they aim at preventing in
the present. Americans admire George Washington and Jefferson,
but imprison those who share their political opinions. The English
admire Boadicea, whom they would treat exactly as the Romans
did if she were to appear in modern India. All the Western nations
admire Christ, who would certainly be suspect to Scotland Yard if
He lived now, and would be refused American Citizenship on ac-
count of His unwillingness to bear arms. This illustrates the ways
in which citizenship as an ideal is inadequate, for as an ideal it in—
volves an absence of creativeness, and a willingness to acquiesce
in the powers that be, whether oligarchic or democratic, which is
contrary to what is characteristic of the greatest men, and tends,
if over-emphasized, to prevent ordinary men from attaining the

greatness of which they are capable.

Education and the Social Order, pp. 13-14
(In Norton’s edition called: Education
and the Modern world)
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TWO SOURCES OF ETHICS

Throughout recorded history, ethical beliefs have had two very
different sources, one political, the other concerned with personal
religious and moral convictions. In the Old Testament the two ap-
pear quite separately, one as the Law, the other as the Prophets. In
the Middle Ages there was the same kind of distinction between
the official morality inculcated by the hierarchy and the personal
holiness that was taught and practised by the great mystics. This
duality of personal and civic morality, which still persists, is one
of which any adequate ethical theory must take account. With-
out civic morality communities perish; without personal morality
their survival has no value. Therefore civic and personal morality

are equally necessary to a good world.
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Ethics is not concerned solely with duty to my neighbor, how-
ever rightly such duty may be conceived. The performance of pub-
lic duty is not the whole of what makes a good life; there is also
the pursuit of private excellence. For man, though partly social, is
not wholly so. He has thoughts and feelings and impulses which
may be wise or foolish, noble or base, filled with love or inspired
by hate. And for the better among these thoughts and feelings and
impulses, if his life is to be tolerable, there must be scope. For al-
though few men can be happy in solitude, still fewer can be happy

in a community which allows no freedom of individual action.

Authority and the Individual, pp. 110-111
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